We obtain all nontrivial conservation laws for a class of (2 + 1) nonlinear evolution partial differential equations which are related to the soil water equations. It is also pointed out that nontrivial conservation laws exist for certain classes of equations which admit point symmetries. Moreover, we associate symmetries with conservation laws for special classes of these equations.
Introduction and theory
A mathematical model was developed to simulate soil water infiltration, redistribution, and extraction in a bedded soil profile overlaying a shallow water table and irrigated by a line source drip irrigation system (see [19, 20] ). The governing partial differential equation can be written as where
Equation (1.2) has received a fair amount of attention recently. Group classification of (1.2) with respect to admitted point transformation groups was performed in [1] . Classification of (1.2) in the case when l(u) = 0 with respect to Lie point symmetries was given in [3, 4] (see also [5] and [18, Section 10.7] ). Special cases of (1.1) and (1.2) were considered for conservation laws and associated symmetries in [10] .
In this paper, we obtain all nontrivial conservation laws for (1.2) . We list all the classes of (1.2) which admit point symmetries and for which nontrivial conservation laws exist. Moreover, for special classes of such equations we associate symmetries with conservation laws. Finally we act, by use of a symmetry, on a known conservation law to produce another conservation law.
We first briefly present the notation and pertinent results used in this paper. The summation convention is used where appropriate.
Consider a kth-order (k ≥ 1) system of differential equations of n independent variables and m dependent variables E β x,u,u (1) ,...,u (k) = 0, β = 1,...,m, (1.4) where u (p) denotes the various collections of pth-order partial derivatives. The maximal order of the equations that occur in (1.4) is k. A conservation law for system (1.4) is a relation
where T i = T i (x,u,u (1) ,...,u (k−1) ) are differential functions, which is satisfied on the solutions of (1.4). Here D i = ∂/∂x i + u α i ∂/∂u α + ··· is the total differentiation operator with respect to x i .
A Lie point symmetry generator has the form (see, e.g., the books [8, 15, 16] for an account on the symmetry approach to differential equations)
where the ξ i (i = 1,...,n) and η α (α = 1,...,m) are functions of the independent and dependent variables, and the additional coefficients are given by It is well known that Noether's theorem [14] provides a constructive way for finding conservation laws for Euler-Lagrange differential equations once their symmetries are known. In the absence of a Lagrangian for a differential equation one can resort to the direct method of constructing conservation laws via (1.5). A symmetry condition sometimes helps in fixing some of the arbitrary elements in the differential equation.
A Lie point symmetry generator X admitted by system (1.4) is said to be associated with a conservation law with conserved vector T = (T 1 ,...,T n ) of system (1.4) if the relations [11] X T i + T i D j ξ j − T j D j ξ i = 0, i = 1,...,n, (1.8) hold. This also applies for Noether symmetries [9] . It has been shown in [12] that if X is any point symmetry generator of (1.4) and T i , i = 1,...,n, are the components of a conserved vector of (1.4), then
are components of a conserved vector of (1.4) . If in addition [X,Y ] = Z (see [12] ), where Y is associated with the conserved vector T with components T i and X is admitted by (1.4), then T * defined by (1.9) is trivial if Z = bY for b a constant.
Construction of conservation laws for (1.2)
In this section, we construct conservation laws for (1.2), that is, we invoke (1.5), namely,
on the solutions of (1.2). We cannot use Noether's theorem [14] here as there is no Lagrangian for (1.2). The separation of the second-order partial derivatives of u in the determining equation of (2.1) results in the following system of equations:
The solution of this system (2) yields the conserved vector components
The use of (2.5) enables us to classify all cases for which conservation laws for (1.2) exist. We find the following cases.
(1) For arbitrary k(u), l(u), and p(u) we get trivial conservation laws since A = 0. Nontrivial conservation laws are obtained in the following cases.
(2) p = p 0 + p 1 u, l = l 0 , k = k 0 = 0, where p 0 , p 1 , l 0 , and k 0 are arbitrary constants. The function A satisfies
together with system (2.4).
(3) p = p 0 + p 1 u, l = l 0 , k = k(u) with k (u) = 0, where p 0 , p 1 , and l 0 are arbitrary constants and
where f solves f xx + f ττ = 0, τ = z + l 0 t. System (2.4) also must be satisfied.
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where p 0 , p 1 , N, and M are arbitrary constants and
where p 0 , p 1 , N, and M are arbitrary constants, and
in which f 0 and g 0 are constants. In addition A must satisfy (2.4).
where N, M, R, and S are arbitrary constants. We have two cases, namely,
10)
(2.11)
In both cases A is further constrained by system (2.4). (7) p = p(u) with p (u) = 0, l(u) = N p (u) + M, k = k(u) with k(u) = Rp (u) + S, where N, M, R, and S are arbitrary constants. Here A is given by
where f 0 and g 0 are constants. These values of A are constrained by (2.4).
where L, Q, R, M, and N are arbitrary constants. The function A has the value
where f solves f + f (L 2 + Q)/Q 2 = 0. Again A must satisfy (2.4).
In the above, only the cases (5), (7) , and (8) give rise to two nontrivial conservation laws each. The other cases each result in an infinite number of nontrivial conservation laws. We illustrate this point by considering the following two examples. 
where f satisfies f xx + f ττ = 0, τ = z + l 0 t. Equations (2.14) give rise to an infinite number of conserved vectors.
Similarly for case (5) with the choices a = b = c 1 = B = 0, we obtain
where α and β are constrained by
The components (2.15) result in two conserved vectors. The conservation laws for the other cases can be constructed in a similar fashion. The only classes in the symmetry classification (see [7] ) which have nontrivial conservation laws are (the notation used in the following corresponds to that of [7] ) (I.2) k(u) arbitrary, p(u) = 0, l(u) = 0, (II) k(u) = e u , (1) l(u) = Ae u , p(u) = Be u + C (A, B, and C are arbitrary constants, 
Symmetries associated with conservation laws
In this section, we give two examples of symmetries associated with conservation laws. Firstly, we consider the case III.3.(ii) of [7] , namely, k(u) = u σ , σ = 0,−1; p(u) = δu σ+1 + δu, δ = ±1, σ = constant, l(u) = 0. The point symmetries for this case are (see [7] )
(3.1)
We invoke relations (1.8) in order to associate the symmetries (3.1) with the conservation laws given in case (6) for the appropriate values of k, p, and l.
We list the conservation laws associated with the above symmetries.
(1) For X 1 we have the associated conserved components by use of (1.8), that is, X 1 (T i ) = 0, i = 1,2,3. They are (by the choices a = b = d = c 1 = 0 and B = 0)
(2) For X 2 we have the associated conserved components (here X 2 (T i ) = 0, i = 1,2,3) (the choices are a = b = c 1 = c 2 = 0 and B = 0)
where f satisfies (3.3).
(3) For X 3 there is no associated nontrivial conservation law.
(4) For X 4 , the use of the relations (1.8), namely, X [1] 4 T 1 = 0, X [1] 4 T 2 − T 3 = 0, and X [1] 4 T 3 + T 2 = 0, after the simple choices a = b = c 1 = 0 and B = 0, results in the associated conserved components
(3.6) (5) For X 5 there is no associated nontrivial conservation law. We now act, using (1.9), with a symmetry on a known conservation law to produce another conservation law.
If one acts with X 1 on the conservation law associated with X 4 , we obtain another conservation law since [X 1 ,X 4 ] = −X 2 [12] , namely, the generated conserved components are
where f satisfies (3.6). One can further act with X 1 on the above components to obtain another conserved vector. In this manner one can generate an infinite number of conservation laws by repeated action of X 1 .
If one now acts with X 2 on the conservation law associated with X 4 , we obtain another conservation law since [X 2 ,X 4 ] = X 1 [12] :
where f satisfies (3.6). Again one can further act with X 2 on these components to obtain another conserved vector. In this way one can generate an infinite number of conservation laws via repeated action of X 2 .
Note that these conservation laws may be associated with a linear combination of the five symmetries of the equation.
We next consider the case k(u) = δ(1 + σ)u σ + δ, p(u) = δu σ+1 + δu, δ = ±1, σ = constant, l(u) = 0.
The point symmetries admitted by the equation for this case are [7]
(3.9)
We deduce the conservation laws associated with each of the symmetries (3.9).
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For X 3 we have (by the choices a = b = c 1 = 0 and B = 0) the associated conserved components
The conserved components (3.10) have associated symmetry X 1 if A x = 0 and X 2 provided A z = 0.
Concluding remarks
We have obtained all nontrivial conservation laws for (1.2) which have been extensively studied in the literature for various other properties such as symmetries and exact solutions. It has been shown that for arbitrary elements these equations possess trivial conservation laws. There are seven cases that arise for which this class of (2 + 1) evolution equations have nontrivial conserved vectors. Among these, three cases result in each admitting two nontrivial conserved vectors. Each of the other cases yields an infinite number of nontrivial conservation laws. Notwithstanding, we have also provided all the classes in the symmetry classification which have nontrivial conserved vectors. Moreover, we have associated symmetries to conservation laws for special classes of these equations. The symmetry condition enables one to further constrain the remaining arbitrary elements that are contained in system (2.4) and also relates symmetry to the conserved vectors.
Further work can be done on the reduction and solutions of (1.2) which admit symmetries that preserve the conservation laws. In this regard, the authors of [13] have used this invariance of a conservation law related to volume to obtain solutions for a problem in thin films.
